Abstract. We present a transparent way of deriving a systematic highfrequency expansion for the effective Hamiltonian and the micromotion operator of periodically driven quantum systems. It is based on the block diagonalization of the quasienergy operator in the extended Floquet Hilbert space by means of degenerate perturbation theory. For this purpose, we generalize the formalism of degenerate perturbation theory to the block diagonalization of hermitian operators into more than two subspaces. Our results are found to be equivalent to those obtained within a different approach in references [Phys. Rev. A 68, 013820 ( (2000)] and explain why the latter leads to an artifactual dependence of the quasienergy spectrum on the driving phase. Finally, we illustrate the method using the example of a periodically driven tight-binding lattice and discuss its limitations for systems of many interacting particles.
Introduction
In the last years the concept of Floquet engineering has gained more and more interest. This form of quantum engineering is based on the fact that the time evolution of a periodically driven quantum system is, apart from a micromotion described by a timeperiodic unitary operator, governed by a time-independent effective Hamiltonian [1, 2] . The aim is to engineer the properties of the effective Hamiltonian by designing a suitable time-periodic driving protocol. This concept has been employed very successfully in experiments with ultracold atoms in driven optical lattices. This includes dynamic localization [3] [4] [5] [6] [7] [8] [9] [10] , "photon"-assisted tunneling [11] [12] [13] [14] [15] [16] [17] [18] , the control of the bosonic superfluid-to-Mott-insulator transition [19, 20] , resonant coupling of Bloch bands [21] [22] [23] [24] , the dynamic creation of kinetic frustration [25, 26] , as well as the realization of artificial magnetic fields and topological band structures [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] (see also Ref. [39] for the creation of a topological band structure in an array of optical wave guides).
A prerequisite for Floquet engineering is a theoretical method to compute the effective Hamiltonian (as well as the micromotion operator), at least within a suitable approximation. In the high-frequency limit a rotating-wave-type approximation can be employed for this purpose. This approximation coincides with the leading order of a systematic high-frequency expansion that provides also higher-order corrections to the effective Hamiltonian and the micromotion operator [40, 41] . In this paper we show that this high-frequency expansion can be obtained alternatively by employing degenerate perturbation theory in the extended Floquet Hilbert space. Our approach provides an intuitive picture of the nature of the approximation and the conditions under which the high-frequency approximation can be expected to provide a suitable description of a driven quantum system. We point out that the time scale on which the approximation is valid can be increased by increasing the order of the approximation for the effective Hamiltonian, while keeping a lower-order approximation for the time-periodic micromotion operator. Moreover, we describe how the high-frequency expansion of both the effective Hamiltonian and the micromotion operator is related to the Floquet-Magnus expansion [42] (see also Refs. [43, 44] ). The Floquet-Magnus expansion provides a systematic high-frequency expansion of the Floquet Hamiltonian, which is related to the effective Hamiltonian via a unitary transformation. The origin of an artifactual dependence of the quasienergy spectrum in Floquet-Magnus approximation on the driving phase is identified. This paper is organized as follows. Section 2 gives a brief introduction to the theory of periodically driven quantum systems (Floquet theory) and serves to define our notation. In Section 3 we formulate the problem that is then attacked in Section 4 by means of the degenerate perturbation theory developed in Appendix C. The relation to the Floquet Magnus expansion is discussed in Section 5 and Section 6 illustrates the approximation scheme using the example of a circularly driven hexagonal lattice [27, 38, 39] . Finally Section 7 discusses effects of interactions within and beyond the high-frequency approximation, before we close with a brief summary in Section 8.
Quantum Floquet theory and notation

Floquet states
A quantum system described by a time-periodic Hamiltonian H(t) =Ĥ(t + T )
possesses generalized stationary states |ψ n (t) called Floquet states [1] . These states are solutions to the time-dependent Schrödinger equation,
of the form |ψ n (t) = |u n (t) e −iεnt/ ,
with real quasienergy ε n and time-periodic Floquet mode |u n (t) = |u n (t + T ) .
Here d t denotes the derivative with respect to the time t. The existence of Floquet states in time-periodically driven systems follows from Floquet's theorem in a similar way as the existence of Bloch states in spatially periodic systems. For completeness, we give a simple proof for the existence of Floquet states in Appendix A. The Floquet states are eigenstates of the time evolution operator over one driving periodÛ (t 0 + T, t 0 )|ψ n (t 0 ) = e −iεnT / |ψ n (t 0 ) ,
whereÛ (t 2 , t 1 ) = T exp 1 i t2 t1 dtĤ(t) (6) denotes the time evolution operator from time t 1 to time t 2 , with T indicating the time-ordered exponential. The eigenvalue e −iεnT / does not depend on the time t 0 from which the evolution over one driving period starts. Therefore, one can obtain the quasienergy spectrum by computing and diagonalizingÛ (t 0 +T, t 0 ) for an arbitrary t 0 . The time-dependent Floquet states |ψ n (t) can subsequently be computed by applying the time-evolution operatorÛ (t, t 0 ) to the eigenstates |ψ n (t 0 ) ofÛ (t 0 + T, t 0 ).
The Floquet states can be chosen to form a complete orthonormal basis at any fixed time t. As a consequence, the time evolution operator can be written likê U (t 2 , t 1 ) = n |ψ n (t 2 ) ψ n (t 1 )|
= n e −iεn(t2−t1)/ |u n (t 2 ) u n (t 1 )|.
Moreover, one can express the time evolution of a state |ψ(t) like |ψ(t) = n c n e −iεn(t−t0)/ |u n (t) ,
with time-independent coefficients c n = u n (t 0 )|ψ(t 0 ) = e −iεnt0/ ψ n (t 0 )|ψ(t 0 ) .
That is, if the system is prepared in a single Floquet state |ψ n0 (t) , |c n | = δ n,n0 , its time evolution will be periodic, apart from the irrelevant overall phase factor e −iεn 0 t/ , and described by the Floquet mode |u n0 (t) . If the system is, however, prepared in a coherent superposition of several Floquet states, the time evolution will not be periodic anymore and be determined by two contributions. The first contribution to the time evolution stems from the periodic time dependence inherent in the Floquet modes |u n (t) , which is called micromotion. The second contribution, which leads to deviations from a periodic evolution, originates from the relative dephasing of the factors e −iεnt/ . Thus, beyond the periodic micromotion, the time evolution of a Floquet system is governed by the quasienergies ε n of the Floquet states in a similar way as the time evolution of an autonomous system (described by a time-independent Hamiltonian) is governed by the energies of the stationary states.
Floquet Hamiltonian and micromotion operator
In order to study the dynamics over time spans that are long compared to a single driving period, one can ignore the micromotion by studying the time evolution in a stroboscopic fashion in steps of the driving period T . Such a stroboscopic time evolution is described by the time-independent Floquet HamiltonianĤ F t0 . It is defined such that it generates the time evolution over one period,
≡Û (t 0 + T, t 0 ).
and can be expressed in terms of the Floquet states or modes,
The parametric dependence on the initial time t 0 is related to the micromotion and fulfillsĤ
It indicates when during the driving period the dynamics sets in or is looked at and should not be confused with a time dependence of the Floquet Hamiltonian. From a Floquet HamiltonianĤ F t0 obtained for the initial time t 0 one can contruct a Floquet Hamiltonian for a different initial time t 0 by a unitary transformation, e.g., given by the time evolution operator,
It is convenient to introduce a unitary operator that describes the periodic time dependence of the Floquet modes, i.e. the micromotion. Such a micromotion operator can be defined bŷ
so that, by construction, it evolves the Floquet modes in time,
It can also be written likê
and it is periodic both in t 1 and t 2 ,
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The micromotion operator can also be used to obtain a Floquet Hamiltonian for the initial time t 0 from a Floquet Hamiltonian for the initial time t 0 :
Moreover, the micromotion operatorÛ F (t 2 , t 1 ) defines a gauge transformation that produces the time-independent Floquet HamiltonianĤ F t0 from the time-periodic HamiltonianĤ(t), namelŷ
Thus, if the time evolution of |ψ(t) is generated by the HamiltonianĤ(t), then the time evolution of |ψ t0 (t) =Û † F (t, t 0 )|ψ(t) =Û F (t 0 , t)|ψ(t) is generated by the timeindependent Floquet HamiltonianĤ F t0 . If the Floquet states and their quasienergies are known, e.g. from computing and diagonalizing the time evolution operator over one period, one can immediately write down the Floquet Hamiltonian and the micromotion operator by making use of Eqs. (13) and (16) . However, both the Floquet HamiltonianĤ F t0 and the micromotion operatorÛ F (t, t ) might also be computed directly, without computing the Floquet states and the quasienergies before, e.g. by using the approximation scheme described in the main part of this paper. From the Floquet Hamilonian and the micromotion operator one can then immediately write down the time evolution operator likê
Moreover, the Floquet modes |u n (t 0 ) and their quasienergies ε n can, in a subsequent step, be obtained from the diagonalization ofĤ
The periodic time-dependence of the Floquet modes can subsequently be computed by employing the micromotion operator, |u n (t) =Û F (t, t 0 )|u n (t 0 ) . Note that Eq. (22) provides a very clear separation of the time evolution into the periodic micromotion described by the micromotion operatorÛ F (t 2 , t 1 ) on the one hand, and the long-time dynamics related to the Hamitonian and its spectrum on the other.
Quasienergy eigenvalue problem and extended Floquet Hilbert space
The phase factors e −iεnT / and the Floquet states |ψ n (t) , solving the eigenvalue problem of the time-evolution operator over one period, are uniquely defined (apart from the freedom to multiply each Floquet state by a time independent phase factor). In turn, the quasienergies ε n , and with them also the Floquet modes |u n (t) = e iεnt/ |ψ n (t) and the Floquet HamiltonianĤ F t0 = n ε n |ψ n (t 0 ) ψ n (t 0 )|, are not defined uniquely. Namely, adding an integer multiple of ω to the quasienergy ε n does not alter the phase factor e −iεnT / . Fixing each quasienergy ε n within this freedom fixes also the the Floquet modes and the Floquet Hamiltonian. For example, one can choose all quasienergies to lie within the same interval of width ω. In loose analogy to Bloch theory for Hamiltonians that are periodic in space, where the quasimomentum quantum numbers can be chosen to lie within a single elementary cell of the reciprocal lattice such as the first Brillouin zone, such a quasienergy interval of width ω is called a Brillouin zone.
Starting from the known solution given by |u n (t) and ε n , one can label all possible choices for the quasienergy by introducing the integer index m,
The corresponding Floquet mode reads
such that
When entering the right-hand side of Eq. (26) into the time-dependent Schrödinger equation (2), we arrive at
As was pointed out by Sambe [2] , this equation can be interpreted as an eigenvalue problem in an extended Hilbert space F = H ⊗ L T , given by the product space of the state space H of the quantum system and the space of square-integrable Tperiodically time-dependent functions L T . Time is treated as a coordinate under periodic boundary conditions. In the extended Floquet Hilbert space F the scalar product combines the scalar product of H with time averaging and is given by
In the following we adopt the intuitive double ket notation |u for elements of F; the corresponding state at time t in H will be denoted by |u(t) . Vice versa, a state |v(t) = |v(t + T ) , including its full periodic time dependence, is denoted by |v when considered as element of F. In the following we will stick to this convention and conveniently switch between both representations. Likewise, an operator acting in F will be indicated by an overbar to distinguish it from operators acting in H, which are marked by a hat. For example,Q denotes the F-space operator that in H is represented byQ
The operatorQ is called quasienergy operator. It is hermitian (in F) and, as can be infered from Eq. (27) , its eigenstates and eigenvalues are the Floquet modes and their quasienergies,Q |u nm = ε nm |u nm .
The complete set of solutions of the quasienergy eigenvalue problem (30) contains a lot of redundant information. In the extended space |u nm and |u nm constitute independent orthogonal solutions if m = m. These solutions are, however, related to each other by Eqs. (24) and (25) , and give rise to the same Floquet state |ψ n (t) . All Floquet states |ψ n (t) of the system can, thus, be constructed, e.g., from those Floquet modes whose quasienegies lie in a single Brillouin zone of the ω-periodic quasienergy spectrum.
The quasienergy eigenvalue problem (30) provides a second approach for computing the Floquet states or the Floquet Hamiltonian, alternative to the computation and diagonalization of the time evolution operator over one driving period. It provides the Floquet modes not only at a time t 0 , but including their full periodic time dependence. Despite the drastically increased Hilbert space, treating the quasienergy eigenvalue problem (30) has the advantage that, in order to diagonalize the hermitian quasienergy operatorQ, one can employ methods, concepts, and intuition from the physics of systems with time-independent Hamiltonians. This makes Eq. (30) a suitable starting point for analytical approximation schemes. A complete set of orthonormal basis states of F can be obtained by diagonalizing any hermitian operator acting in F, e.g. the quasienergy operatorQ 0 (t) =Ĥ 0 (t)−i d t related to some unperturbed HamiltonianĤ 0 (t) =Ĥ 0 (t + T ). Alternatively, a simple class of basis states |αm can be constructed by combining a complete set of orthonormal basis states |α of H with the complete set of time-periodic functions e imωt with integer m,
From this restricted class of basis states all possible sets of basis states can now be constructed by applying unitary operatorsŪ ,
With respect to the basis |αm the quasienergy operator possesses the matrix elements
is the Fourier transform of the HamiltonianĤ(t), such that
andĤ
With respect to the Fourier indices m the quasienergy operator possesses the transparent block structure depicted in Fig. 1 . Each block represents an operator acting in H, given bŷ
The structure of the quasienergy operatorQ resembles that of the Hamiltonian describing a quantum system with Hilbert space H coupled to a photon-like mode in the classical limit of large photon numbers, where the spectrum becomes periodic in energy. In this picture m plays the role of a relative photon number. The quasienergy eigenvalue problem (30) is, thus, closely related to the dressed-atom picture [45] for a quantum system driven by coherent radiation [46] . Based on this analogy, one often uses the jargon to call m the "photon" number. Moreover, the matrix elements of H ∆m are said to describe ∆m-"photon" processes. This terminology suggests a very intuitive picture for the physics of time-periodically driven quantum systems and is also employed when the system is actually not driven by a photon mode.
In order to compute the Floquet states and their quasienergies, one has to diagonalize the quasienergy operator. The unitary operatorŪ that accomplishes this task with respect to a given basis |αm has to be translational invariant with respect to the photon index m, α m |Ū |αm = α |Û m −m |α (38) and, thus, corresponds to a time-periodic unitary operator
in H (see Appendix B for details). Namely the eigenstates of the quasienergy operator, the Floquet modes |u nm , can be chosen to obey the translational symmetry |u nm (t) = e i(m −m)ωt |u nm (t) with respect to m, which is inherent already in the basis states |αm , which fulill |αm (t) = e i(m −m)ωt |αm(t) . From Eq. (29) we can, moreover, infer that a gauge transformation
with an aribitrary time-periodic unitary operatorÛ (t) is equivalent to a unitary transformation of the quasienergy operator with the corresponding unitary operatorŪ ,
and, thus, does not change the quasienergy spectrum. When acting with such a unitary transformation on the quasienergy operator we find the new matrix elements
which depend on the Fourier componentsĤ m = 
leads to a time-independent gauge-transformed Hamiltonian
that is diagonal with respect to the basis states |α . This time-independent effective HamiltonianĤ F is related to the Floquet HamiltonianĤ 
The quasienergies are given by
and the corresponding Floquet modes read
The unitary transformationÛ D (t) also determines the micromotion operator,
Block diagonalization of the quasienergy operator and effective Hamiltonian
The quasienergy eigenvalue problem (30) is a convenient starting point for computing the Floquet Hamiltonian and the micromotion operator directly, without the need to compute the Floquet modes and their quasienergies. For this purpose one has to find a unitary operatorŪ F that block diagonalizes the quasienergy operator with respect to the "photon" index m,
as illustrated in Fig. 2 . Here we have introduced the transformed quasienergy operator
the transformed basis states,
as well as the gauge-transformed Hamiltonian which by construction is time independent. In fact, choosingŪ F such that the unitary transformation (50) block diagonalizes the quasienergy operator is equivalent to choosingÛ F (t) such that the gauge transformation (53) leads to a time-independent HamiltonianĤ F , called effective Hamiltonian.
The unitary operatorŪ F that block diagonalizes the quasienergy operator with respect to the "photon" index m does not depend on the basis states |α , unlike the operatorŪ D that diagonalizes the quasienergy operator. Moreover,Ū F is not determined uniquely. For example, multiplyingÛ F (t) with any time-independent unitary operator leads to a mixing of states within the diagonal blocks ofQ F , but does not destroy the block diagonal form.
The time-independent effective HamiltonianĤ F is related to the Floquet Hamiltonian via a unitary transformation. Each of the diagonal blocks ofQ F represents a possible choice for the Floquet Hamiltonian. From the m = m = 0 block one obtainsĤ
SoĤ F is related toĤ F t0 via a unitary transformation. Moreover, we can use the unitary operatorŪ F to construct the micromotion operator viâ
FromĤ F t andÛ F (t, t ) one can then directly obtain the time evolution operator using Eq. (22) . However, one can express the time evolution operatorÛ (t 2 , t 1 ) also directly in terms ofĤ F andÛ F (t) without introducingĤ F t0 andÛ F (t , t). Namely,
Thus by paying the prize that we have to separate the time evolution operator into three parts instead of into two like in the second line of Eq. (22), we can express the micromotion by the one-point micromotion operatorÛ F (t) instead of by the twopoint operatorÛ F (t, t ) and we can describe the phase evolution in time by an effective HamiltonianĤ F without a parametric dependence on the switching time t 0 as found forĤ
The micromotion operatorÛ F (t) can also be written likê
in terms of an anti-hermitian operatorĜ = −Ĝ † , where the hermitian operator K(t) = iĜ(t) has recently been given the intuitive name kick operator [41] .
The diagonalization of the effective HamiltonianĤ F ,
provides the Floquet modes and their quasienergies:
Thus, the Floquet modes |u n (t) ≡ |u n0 (t) , which describe the micromotion, are superpositions
of the time-dependent basis states
with time-independent coefficients
The strategy of computing the Floquet Hamiltonian directly, clearly separates the Floquet problem into two distinct subproblems that are related to the short-time and the long-time dynamics, respectively. The first problem, computing the Floquet Hamiltonian and the micromotion operator, concerns the short-time dynamics within one driving period only. The second problem consists in the integration of the time evolution generated by the effective Hamiltonian for a given initial state or even in the complete diagonalization of the effective Hamiltonian; it allows to addresses the long-time dynamics over several driving periods in a very efficient way, without the need to follow the details of the dynamics within every driving period.
The advantage of splitting of the Floquet problem into two parts, computing the effective Hamiltonian on the one hand and solving the effective Hamiltonian (i.e. computing its spectrum or the dynamics it generates for a given initial state) on the other, becomes apparent especially when one of the two problems is more difficult than the other.
A simple example for a case where computing the effective Hamiltonian is more difficult than diagonalizing it, is a periodically driven two-level system corresponding to a spin-1/2 degree of freedom. While the block diagonalization of the quasienergy operator can generally not be accomplished analytically, the effective Hamiltonian describes (like every time-independent 2 × 2 Hamiltonian) a spin 1/2 in a constant magnetic field leading to a simple precession dynamics on the Bloch sphere. Thus, once the effective Hamiltonian and the micromotion operator are computed, the time evolution is known.
An example for the opposite case, where the effective Hamiltonian can be computed at least approximately while its diagonalization is much harder, is a timeperiodically driven Hubbard-type model describing interacting particles on a tighbinding lattice. This driven model allows for a quantitative description of experiments with ultracold atoms in optical lattices. In the limit of high-frequency forcing a suitable analytical approximation to the effective Hamiltonian can be well justified on the time scale of a typical optical lattice experiment. However, the effective Hamiltonian will constitute a many-body problem that is difficult to solve.
The possibility to compute the effective Hamiltonian for a many-body lattice system, at least within a suitable approximation, opened the door for a novel and powerful type of quantum engineering, where the properties of the effective HamiltonianĤ F are tailored by engineering the periodic time dependence of the HamiltonianĤ(t). This type of Floquet engineering, has recently been proposed for and applied to different types many-body lattice systems such as optical lattices, optical wave guides, semiconductor hetero structures or graphene, with the purpose to control the bosonic Mott-insulator-to-superfluid phase transitions [12, 19, 20] , to realize frustrated quantum and classical magnetism [23, 25, 26] , as well as to induce artificial gauge fields [47, 48] and to create topologically nontrivial band structures [27-32, 34-39, 49, 50] . The fact that the effective Hamiltonian can possess properties that are hard to achieve otherwise, like the coupling of the kinetics of charge neutral atoms to a vector potential describing an (artificial) magnetic field, makes Floquet engineering also interesting for quantum simulation, where a quantum mechanical many-body model is realized accurately in the laboratory in order to investigate its properties by doing experiments.
A prerequiste for Floquet engineering is an accurate approximation to the effective Hamiltonian. In the next section we will systematically derive a high-frequency approximation to both the effective Hamiltonian and the micromotion operator by block diagonalizing the quasienergy operator by means of degenerate perturbation theory.
High-frequency expansion from quasidegenerate perturbation theory
Quasidegenerate perturbation theory is a standard approximation scheme for the systematic block diagonalization of a hermitian operator into two subspaces-a subspace of special interest on the one hand and the rest of state space on the other-that are divided by a large spectral gap. Here we adapt the method such that it allows for a systematic block diagonalization of the quasienergy operator with respect to the "photon" index m. For that purpose we will generalize the canonical van-Vleck degenerate perturbation theory [51] to the case of more than just two subspaces (Appendix C) and identify the system-independent "photonic" part −i d t of the quasienergy operator (29) , with α m | − i d t |αm = δ m m δ α α m ω, as the unperturbed problem, such that the system-specific HamiltonianĤ(t) constitutes the perturbation. This will allow us to systematically derive simple and universal expansions for both the effective HamiltonianĤ F and the micromotion operatorÛ F (t) in the high-frequency limit, where ω constitutes a large spectral gap between the unperturbed subspaces (see Fig. 1 ). We note that the application of quasidegenerate perturbation theory in its standard form is a well established method for treating the quasienergy eigenvalue problem, which has been employed, e.g., for the computation of avoided level crossings resulting from resonant coupling (see Ref. [52] for a recent example).
The basic strategy of our perturbative approach can be summarized as follows. The quasienergy operator is devided into an unperturbed partQ 0 and a perturbationV ,Q =Q 0 +V .
The unperturbed operator can be diagonalized and separates the extended Floquet Hilbert space F into uncoupled subspaces F (0) m of sharp "photon" numbers m with projectorsP m = α |αm αm|. The subspaces shall be separated by unperturbed spectral gaps of the order of ω and these gaps are assumed to be large compared to the strength p of the perturbation coupling the subspaces. When smoothly switching on the perturbation, such that the spectral gaps do not close, the unperturbed subspaces F (0) m will be transformed adiabatically to the perturbed subspaces F m corresponding to a diagonal block of the perturbed problem. Since the perturbation is weak compared to the gap, F m will differ from F m to the basis states |αm F =Ū F |αm spanning the perturbed subspaces F m This procedure also provides an expansion of the effective Hamiltonian that describes the diagonal blocks associated with the subspace F m=0 . The general formalism is developed in Appendix C and will be applied to a specific choice of the unperturbed problem in the following.
For the procedure described above a general and legitimate choice of the unperturbed problem would consist in the diagonal terms of the quasienergy operator with respect to a conveniently chosen set of basis states |α, m ,
with ε (0) α = α|Ĥ 0 |α . The operatorQ 0 is diagonal with respect to the basis states |αm by construction and the corresponding perturbationV =Q −Q 0 consists of a block-diagonal partV D that couples states |αm and |α m of the same "photon" number m and a block-off-diagonal partV X that couples states |αm and |α m of different "photon" numbers m and m. The problem to be solved by perturbation theory is visualized in Figure 3(a) . The unperturbed problem and the perturbation expansion depends both on the choice of the basis states |α and the Hamiltonian.
However, for the sake of simplicity we will not use Eq. (66). Instead we will simplify the unperturbed problem further, reducing it to the "photonic" part of the quasienergy operator,
which does not depend on the system's Hamiltonian. For this choice the unperturbed quasienergies are degenerate within each subspace and read ε (0) α = m ω and Q 0 is diagonal not only with respect to a specific set of basis states, but with respect to any set of basis states of the type |αm . The perturbation is given by the Hamiltonian,
It can be decomposed likē
Here the block-diagonal partV D comprises the m = m terms describing zero-"photon" processes detemined by the time-averaged Hamiltonian,
The block-off-diagonal partV X describes ∆m-"photon" processes determined by the Fourier componentsĤ ∆m with ∆m > 0 of the Hamiltonian,
The problem is visualized in Figure 3 (b). Its simple structure will allow us to write down universal analytical expressions for the leading terms of a perturbative highfrequency expansion of the effective Hamiltonian and the micromotion operator in powers of p/ ω, with p symbolizing the perturbation strength.
Micromotion
We wish to compute the unitary operatorŪ F that relates the unperturbed basis states |αm to the perturbed basis states |αm F that block diagonalize the quasienergy operator in a perturbative fashion. In the canonical van-Vleck degenerate perturbation theory, it is written likē
with anti-hermitian operator
In order to minimize the mixing of unperturbed states belonging to the same unperturbed subspace, it is, moreover, required thatḠ is block-off-diagonal. One can now systematically expandḠ likē
in powers of the perturbation. The general formalism for the perturbative expansion of G in a situation where the state space is partitioned into more than just two subspaces, is derived in Appendix C. Differences with respect to the standard procedure, where the state space is just bipartitioned, arise as a consequence of the fact that for multiparitioning it is generally not true anymore that the product of two block-offdiagonal operators is block-diagonal. The general form of the leading terms of the expansion (78) are given by Eqs. (C.39) and (C.40) of Appendix C. Let us evaluate them for the particular choice of the unperturbed problem (67) . Apart from
following fromḠ being block-off-diagonal, for m = m we obtain
and
We can now also expand the unitary operatorŪ F in powers of the perturbation,
One findsŪ
where the second term of the last equation possesses matrix elements
which are finite also for m = m. The corresponding operators in H can be constructed by employing the relation
that is valid for operatorsĀ that are translational invariant with respect to the "photon" number, α m + ∆m|Ā|αm = α∆m|Ā|α0 . In doing so,Ū F andḠ translate into time periodic operatorsÛ F (t) andḠ(t) and Eq. (76) intô
(see also Appendix B). The leading terms of the perturbation expansion take the form
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One can express these terms also as time integrals, for the leading order, we obtain
(1)
The final result, where we have separated a factor of 1 T representing the inverse integration time, was obtained by setting the free parameter t 0 to t 0 = t allowing us to use
which is formula 1.441-1 of reference [53] .
One can now approximateÛ F (t) up to a finite orderν by simply truncating the perturbative expansion ofÛ
F (t). However, this approximation has the disadvantage that it does not preserve unitarity at any finite orderν. In turn, truncating the expansion ofĜ(t) leads to an approximation
that gives rise to a unitary operatorÛ F (t) for every finiteν. The unitary micromotion operator can also be written likê
with anti-hermitian operatorF (t, t ) = −F † (t, t ). ExpandingF (t, t ) in powers of the perturbation,F
and comparing the epxansion of exp F (t, t ) in powers of the perturbation with that of exp Ĝ (t) exp −Ĝ(t ) , one can identifŷ
and so on. This gives the explicit expressions for the leading orderŝ
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An approximation preserving the unitarity of the micromotion operator readŝ
Effective Hamiltonian
In order to obtain the effective Floquet Hamiltonian from Eq. (54), we need to compute the matrix elements (49) for m = m = 0,
Expanding these matrix elements in powers of the perturbation, the leading terms Q (67), we obtain the perturbative expansion for the effective Hamiltonian
0,α α α|. The leading terms are given bŷ
One can express these terms also in terms of time integrals. The leading order is given by the time-averaged Hamiltonian,
The first correction takes the form
where the sum over m has been evaluated using Eq. (95) and where we have separated a factor of 1/(2T 2 ) representing the inverse integration area. Inνth order the effective Hamiltonian is approximated bŷ
The results obtained here via degenerate perturbation theory in the extended Floquet Hilbert space are equivalent to the high-frequency expansion derived in references [40, 41] by different means ‡.
The role of the driving phase
An important property of the approximation (112) is that it is independent of the driving phase. Namely, a shift in timê
which leads toĤ
does not alter the perturbation expansion ofĤ F ,
This is ensured by the structure of the perturbation theory, which restricts the productsĤ m1Ĥm2 · · ·Ĥ mν that contribute toĤ
F to those with m 1 +m 2 +· · · m ν = 0. As an immediate consequence, also the approximate quasienergy spectrum, obtained from the diagonalization ofĤ F , does not acquire a spurious dependence on the driving phase.
A time shift does, however, modify the terms of the unitary operatorÛ F (t) in the expected way,
Thus, the high-frequency approximation obtained by truncating the highfrequency expansion of bothĤ F andĜ(t) at finite order is consistent with Floquet theory.
Quasienergy spectrum and Floquet modes
From the approximate Floquet Hamiltonian one can now compute the quasienergy spectrum and the Floquet modes by solving the eigenvalue problem
One obtains
Here we have allowed that the order ν of the approximate unitary operatorÛ F (t) describing the micromotion can be different from the order ν of the approximate ‡ There is a slight discrepancy, however, concerning the third-order correction to the effective Hamiltonian: The second term of our expression (109) is different from the corresponding term in equation (C.10) of reference [41] . Floquet HamiltonianĤ ν F , which determines the Floquet spectrum and the dynamics on longer times. This corresponds to the approximation
for the Floquet HamiltonianĤ F t0 that generates the time evolution over one driving period from time t 0 to time t 0 + T .
The reason why it is generally useful to choose ν independent of ν is the following. In high-frequency approximation the time evolution from t 0 to t is described by
with c
The accuracy with which the expression c
(t) captures the true micromotion of the system does not depend on the time span (t − t 0 ) of the integration, simply because this expression is time periodic. In turn, with increasing integration time (t − t 0 ), the approximate phase factors e −iε n (t−t0)/ will deviate more and more from their actual value e −iεn(t−t0)/ . Thus, the longer the time span t−t 0 the better should be the approximation ε n ≈ ε [ν] n , that is the larger should be ν. In contrast, the order ν can be chosen independently of (t − t 0 ).
Relation to the Floquet-Magnus expansion
Recently, also the Floquet-Magnus expansion [42] (see also [43, 44, 54] ) has been employed frequently for the treatment of quantum Floquet systems. The starting point of the Floquet-Magnus expansion is the form (22) of the time evolution operator,
Note that in references [42, 43] the notation P (t) =Û F (t, t 0 = 0), Λ(t) = F (t, t 0 = 0), and F = − i Ĥ F t0=0 is used. Then both F (t, t 0 ) andĤ 
givesĤ
F +Û
and so on. From these expressions one obtainŝ
and, in a subsequent step, alsô
where we have again employed Eq. (95). For t 0 = 0 these expressions correspond to those of references [42, 43] .
Truncating the Floquet-Magnus expansion after the finite orderν, the Floquet Hamiltonian is approximated likê
However, even though it is derived from a systematic expansion, this approximation is plagued by the following problem. For any finite orderν ≥ 2, the spectrum of the approximate Floquet HamiltonianĤ
possesses an artifiactual dependence on t 0 , or equivalently on the driving phase, which is not consistent with the spectrum of the exact Floquet HamiltonianĤ The origin of the spurious t 0 dependence lies in the fact that the expansion (124) of the Floquet Hamiltonian implies also an expansionÛ F (t) = 1 +Û
F (t) · · · of the unitary operatorÛ F (t). At any finite order, such an expansion does not preserve unitarity and, thus, the spectrum of the approximate Floquet HamiltonianĤ
deviates from theνth-order spectrum obtained by diagonalizing the approximate effective HamiltonianĤ
F given by Eq. (112). This observation can be traced back further to the ansatz (123) for the time evolution operator. Bi-partitioning the time-evolution operator into two exponentials like in Eq. (123) does not allow for disentangling the phase evolution from the micromotion. This is different for the tri-partitioning ansatẑ
which underlies the perturbative approach presented in the previous section. In the tri-partitioning ansatz (133), firstÛ † F (t 0 ) transforms the state into a "reference frame"
where by construction no micromotion is present, then the phase evolution is generated by the effective Hamiltonian, before at time t the state is finally rotated back to the original frame byÛ F (t). In contrastĤ
, as it appears in the ansatz (123), carries also information about the micromotion. This fact is somewhat hidden, when the t 0 dependence of the Floquet Hamiltonian is not written out explicitly like in Ref. [43] , where t 0 = 0 is assumed.
However, since we know that the effective HamiltonianĤ F and the Floquet HamiltonianĤ F t0 possess the same spectrum, we also know that, when expanding bothĤ F andĤ F t0 in powers of the inverse frequency, also the spectra will coincide up to this order. This means that the t 0 -dependent second term of Eq. (129) will not cause changes of the spectrum within the second order (∝ ω −1 ). Instead this second term can contribute to the third-order correction of the quasienergy spectrum, together with the terms ofĤ (3) t0 . This argument generalizes to higher orders. Therefore, the high-frequency expansion of the effective Hamiltonian provides a more transparent framework for the approximate description of periodically driven quantum systems in the high-frequency regime.
Example: Circularly driven hexagonal lattice
In this section we will discuss as an instructive example the physics of particles in a hexagonal lattice [ Fig. 4(a) ] subjected to a circular time-periodic force
For a system of charged electrons such a force can be realized by applying circularly polarized light, for a system of neutral particles (atoms in an optical lattice or photons in a wave guide) it can be achieved via circular lattice shaking [25, 26, 38, 39] . Such a driven hexagonal lattice system is the prototype of a Floquet topological insulator [27, 49, 50, 55] : it was pointed out by Oka and Aoki [27] that a non-vanishing forcing strength F opens a gap in the band structure of the effective Hamiltonian, such that the system possesses a quantized Hall conductivity, when the lowest band is filled completely with fermions. While the original proposal [27] is considering graphene irradiated by circularly polarized light (see also Ref. [56] ), the topologically non-trivial band-structure described by the effective Hamiltonian has been probed experimentally in other systems: with classical light in a hexagonal lattice of wave guides [39] and with ultracold fermionic atoms in a circularly shaken optical lattice [38] . We have decided to discuss the circularly driven hexagonal lattice here, even though its single-particle physics has been described in detail already elsewhere [27, 38] , because of several reasons. First, it is a paradigmatic example of a system where the second-order high-frequency correction to the effective Hamiltonian gives rise to qualitatively new physics. Second, since both directions x and y are driven with a phase lag of π/2, the model is suitable to illustrate the difference between the highfrequency expansion advertised here and the Floquet-Magnus expansion. And third, it allows us to discuss the role of interactions in the next section, which has been discussed controversially recently [57, 58] . This includes two aspects: the impact of interactions on the validity of the high-frequency expansion as well as how interactions appear in the high-frequency expansion.
Let us consider the driven tight-binding Hamiltonian F , and complex tunneling matrix elements −|J (2) |e iθ (or −|J (2) |e −iθ ), contained inĤ The first term describes the tunneling kinetics, with the sum running over all directed pairs of neighboring sites and of the hexagonal lattice depicted in Fig. 4(a) . Hereâ is the annihilation operator for a particle (boson or fermion) at lattice site located at r and the tunneling parameter J is real and positive. The second term describes the periodic force via the time-periodic on-site potential v (t) = −r · F (t), heren =â † â denotes the number operator. The direction of the vector pointing from site to a neighbor defines an angle ϕ = ϕ + π,
This angle determines the temporal driving phase of the relative potential modulation between both sites,
Change of gauge
As will be seen below, we are interested in the regime of strong forcing, where the amplitude K ≡ F a of the relative potential modulation between two coupled singleparticle states on neighboring sites is comparable or larger than ω. Therefore, the HamiltonianĤ dr (t) is not a suitable starting point for the high-frequency approximation. A remedy is given by performing a gauge transformation with the time-periodic unitary operatorÛ
where
Here the second integral has been included for convenience. It provides a constant that subtracts the zero-frequency component of the first integral, making the time average of χ (t) over one driving period vanish. This gauge transformation induces a time-dependent shift in quasimomentum. One arrives at the translational invariant time-periodic Hamiltonian
where the time-periodic force is not captured by the scalar potential v (t) anymore, but instead by time-periodic Peierls phases
Now we are in the position to perform the high-frequency approximation, even for K ω, as long as the ω is sufficiently large compared to the tunneling matrix element J, which determines both the spectral width ofĤ 0 as well as the strength of the coupling termsĤ m .
Effective Hamiltonian
The leading term in the expansion of the effective Hamiltonian is according to Eq. (107) given by the time-averaged Hamiltonian H (1)
corresponding to the undriven Hamiltonian with a modified effective tunneling matrix element
where J n denotes a Bessel function of integer order n. This result was obtained by employing the relation
This Bessel-function-type renormalization of the tunnel matrix element, see Fig. 5 for a plot, allows to effectively reduce or even "switch off" completely the nearest neighbor tunneling matrix element, an effect known as dynamic localization [3] , coherent destruction of tunneling [4, 6] , or band collaps [5] , which has been observed in the coherent expansion of a localized Bose condensate in a shaken optical lattice [7] . The effect has also been used to induce the transition between a bosonic superfluid to a Mott insulator (and back) by shaking an optical lattice [19, 20] . The possibility to make the tunneling matrix element negative, has moreover been exploited to achieve kinetic frustration in a circularly forced triangular lattice and to mimic antiferromagnetism with spinless bosons [25, 26] .
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The second-order contribution to the effective Hamiltonian is given by Eq. (108) and can be written likê
with the Fourier components of the Hamiltonian readinĝ
By using the relation â † kâl ,â † mân = δ lmâ † kân −δ knâ † mâl , which holds both for bosonic and fermionic operatorsâ , as well as J −m (x) = (−) m J m (x), one arrives at
where the sum runs over next-nearest neighbors and . The effective tunneling matrix element is given by
where k denotes the intermediate lattice site between and , via which the secondorder tunneling process occurs §. One can immediately see that the tunneling matrix elements J eff are purely imaginary and that they depend, as an odd function, on the relative angle ϕ k − ϕ k only. Since this relative angle is given by ϕ k − ϕ k = σ 2π 3 , with sign σ = +1 (σ = −1) for tunneling in anticlockwise (clockwise) direction around a hexagonal lattice plaquette, one finds
forming the pattern of effective tunneling matrix elements depicted in Fig. 4(b) . Here
Since |J m (x)| decays like |x| |m| with respect to the order m, for sufficiently small K/ ω the sum is to good approximation exhausted by its first term, as is demonstrated also in Fig. 5 .
The effective HamiltonianĤ F ≈Ĥ
F , as it is depicted in Fig. 4(b) , corresponds to the famous Haldane model [59] , being the prototype of a topological Chern insulator [60, 61] . The next-nearest neighbor tunneling matrix elements open a gap between the two low-energy Bloch bands of the hexagonal lattice, such that the bands acquire topologically non-trivial properties of a Landau level characterized by non-zero integer Chern number [62] . As a consequence, the system features chiral edge states, as they have been observed experimentally with optical wave guides [39] , and a finite Hall conductivity, as it has been observed with ultracold fermionic atoms [38] , which is quantized for a completely filled lower band. The fact that circular forcing § In other lattice geometries several two-step paths between and can exist, in this case one has to sum over all of them. Effective tunneling matrix elements J (1) /J (solid black line) and J (2) /(J 2 / ω) (dashed blue line), as well as the leading term − √
can induce such non-trivial properties to a hexagonal lattice has been pointed out in Ref. [27] . This is the first proposal for a Floquet-topological insulator [55] (later proposals include Refs. [49, 50] ) defined as driven lattice systems with the effective Hamiltonian featuring new terms that lead to a topologically non-trivial structure of Floquet-Bloch bands. Such new matrix elements appear in second (and higher) order of the high-frequency approximation that capture processes where a particle tunnels twice (or several times) during one driving period and that are of the order of ∼ J 2 / ω. Therefore, Floquet topological insulators require the driving frequency to be at most moderately larger than the tunneling matrix element J. This is different for another class of schemes for the creation of artificial gauge fields and topological insulators recently pushed forward mainly in the context of ultracold quantum gases [28] [29] [30] [31] [32] [34] [35] [36] [37] . In these schemes non-trivial effects enter already in the leading first-order term of the high-frequency expansion, such that they work also in the high-frequency limit ω J.
Comparison with Floquet-Magnus expansion
The circularly driven hexagonal lattice is also an instructive example that illustrates the difference between the high-frequency expansion of the effective HamiltonianĤ F on the one hand and of the Floquet HamiltonianĤ , as it appears in the FloquetMagnus expansion, on the other.
The leading terms of the expansion ofĤ F t0 , as they are determined by Eqs. (128) and (129), readĤ
Evaluating the difference between the Floquet Hamiltonian and the effective Hamiltonian in second order, one obtainŝ
Here
denotes the t 0 -dependent part of the next-nearest-neighbor tunneling matrix element
, with k defined as the intermediate site between and . It is easy to check that, for a given t 0 , the tunneling matrix element (156) depends on the direction of tunneling and not only on whether a particle tunnels in clockwise or anticlockwise direction around a hexagonal plaquette. This directional dependence does not only concern the phase, but also the amplitude of next-nearest-neighbor tunneling matrix element (156). The consequence is a spurious t 0 -dependent symmetry breaking in the band structure of the approximate Floquet HamiltonianĤ
. This can be seen as follows.
The driven HamiltonianĤ(t) obeys the discrete translational symmetry of the hexagonal lattice. As a consequence bothĤ F t0 andĤ F share this symmetry. The symmetry of the hexagonal lattice with respect to discrete spatial rotations by 2π/3 is broken by the periodic force. However, the force leaves the HamiltonianĤ(t) unaltered with respect to the joint operation of a rotation by 2π/3 combined with a time shift by −T /3. This spatio-temporal symmetry ensures that the effective HamiltonianĤ F possesses again the full discrete rotational symmetry of the hexagonal lattice, as it is reflected also in the leading terms (142) and (147) of the highfrequency expansion. The Floquet HamiltonianĤ F t0 , whose parametric dependence on the time t 0 indicates that it depends also on the micromotion, does not obey the discrete rotational symmetry of the hexagonal lattice for a fixed time t 0 . But, nevertheless, it still shares the spectrum and the translational symmetry with the rotational symmetricĤ F . This latter property of the exact Floquet HamiltonianĤ F t0 is not preserved by the approximate Floquet HamiltonianĤ
. In this respect, the approximate Floquet Hamiltonian is inconsistent with Floquet theory. This is a consequence of the fact that on the one hand the high-frequency approximation to the Floquet Hamiltonian depends on the driving phase through the second order term of Eq. (154) and that on the other hand the driving phase depends on the direction, with a difference of π/2 for forcing in x and y direction. Even though the inconsistency should influence the spectrum only like J(J/ ω) −2 , corresponding to the neglected third order, it still breaks the symmetry expected for the exact quasienergy band structure.
Mircromotion
The micromotion operatorÛ F (t) = exp Ĝ (t) resulting from the periodic Hamiltonian H(t) is approximated byĜ(t) ≈Ĝ (0) (t)+Ĝ (1) (t), whereĜ (0) (t) = 0 andĜ (1) (t), given by Eq. (89), readŝ
with
Since ϕ = ϕ + π, it follows that g (t) = −g * (t), such thatĜ (1) (t) is antihermitian as required. With respect to the original frame of reference, where the system is described by the driven HamiltonianĤ dr (t) the micromotion operator is given byÛ
The dynamics that is described byÛ (t) does not happen in real space, but corresponds to a global time-periodic oscillation in quasimomentum by K ω a [sin(ωt)e x − cos(ωt)e y ]. This momentum oscillation is significant when K ∼ ω and it is taken into account via the initial gauge transformation in a non-perturbative fashion, as can be seen from the Bessel-function-type dependence of the effective tunneling matrix elements on K/ ω.
In turn,Û F (t) describes micromotion in real space. This real-space micromotion becomes significant, when the tunneling time 2π /J is not too large compared to the driving period T , i.e. for J/ ω not too small. A significant second-order correction H (2) F is a direct consequence of this real-space micromotion. In the high-frequency expansion, the real-space micromotion is taken into account perturbatively.
By expanding the tunneling matrix elements also in powers of the driving strength K, one finds that
The quadratic dependence on K indicates that large driving amplitudes K/ ω ∼ 1 are important in order to achieve a topological band gap ∼ |J (2) | that is significant with respect to the band width ∼ |J (1) |. At the same time, the linear dependence on the tunneling matrix element J reveals that moderate values of J/ ω, for which the high-frequency expansion is still justified, can be sufficient (see also Fig. 5) .
The time-dependent basis states capturing the micromotion can be constructed from the basis of Fock states |{n } characterized by sharp on-site occupation numbers n . They read
where for the second approximation we have expanded the exponential, such that the state is normalized only up to terms of order |J/ ω| 2 , and replaced g (t) by the leading term of the sum (158). The micromotion is dominated by the oscillatory dynamics of particles from one lattice site to a neighboring one and back, with the probability for a particle participating in such an oscillation being of the order of 
The role of interactions
If we consider a periodically driven quantum system of many particles, then the presence of interactions will influence the high-frequency expansion in two different ways. First, the interaction terms in the Hamiltonian will simply generate new terms in the high-frequency expansion. This effect will be discussed in the following subsection 7.1 for the example of the driven tight-binding lattice lattice discussed in the previous section. Second, the presence of interactions will severely challenge the validity of the high-frequency expansion, since even if the single-particle spectrum is bounded with a width lower than ω, this will not be the case anymore for collective excitations. This issue will be addressed in subsection 7.2.
Interaction corrections within the high-frequency expansion
Ignoring for the moment concerns that the high-frequency expansion should be employed with care in the presence of interactions, let us have a look at the new terms that will be generated by finite interaction terms in the Hamiltonian. We will focus on the example of the driven tight-binding lattice that was discussed on the single-particle level in the previous section.
Starting from the interacting problemĤ dr (t) +Ĥ int with a time-independent interaction termĤ int of the typical density-density type, the interactions are not altered by the gauge transformation (140), so that after the gauge transformation the interacting lattice system is described by the driven Hubbard Hamiltonian
The presence of the time-independent termĤ int , whose Fourier components are trivially given byĤ
will lead to additional terms in the high-frequency expansion of the effective Hamiltonian that we will denote byĤ
The leading contribution appears in first order (107) and is given by the time-independent operatorĤ int itself,
The second-order correction (108) vanishes,
because all Fourier componentsĤ int m with |m| > 0 vanish. Therefore, the leading correction involving the interactions appears in third order [Eq. (109)] and is given bŷ
HereĤ m denotes a Fourier component of the kinetic partĤ(t) of the Hamiltonian given by Eq. (146) of the previous section and "h.c." stands for "hermitian conjugate".
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The presence of interaction corrections beyond the leading orderĤ
F int =Ĥ int was overlooked in a recent work investigating the possibility of stabilizing a fractionalChern-insulator-type many-body Floquet state with interacting fermions in the circularly driven hexagonal lattice [57] .
Note that the high-frequency expansion of the Floquet HamiltonianĤ , as it appears in the Floquet-Magnus expansion, produces also a second-order correction (129) that involves the interactions, given by [44, 58, 63, 64] 
However, as we have discussed in section 5, if we approximate the Floquet Hamiltonian in second order this term will not influence the many-body spectrum within the order of the approximation, while it introduces an unphysical dependence of the spectrum on the driving phase. In order to get an idea of what type of terms appear in the high-frequency expansion, let us write down the third-order interaction correction for the simple case of spinless bosons in the circularly forced hexagonal lattice with on-site interactionŝ
This model system provides a quantitative description of ultracold bosonic atoms in an optical lattice and is interesting also because it might, as well as the fermionic system [57] , be possible candidate for a system stabilizing a Floquet fractional Chern insulator state. Using Eq. (166), we find those third-order correction terms that involve the interactions to be given bŷ
an n + 2W
with coordination number z = 3 and coupling strengths α larger than the energetic separation ω of sectors with different "photon" number m. The perturbation expansion is in a strict sense not justified and cannot be expected to converge. However, defining the unperturbed problem like in subfigure (b), the perturbation expansion can still be written down formally and, under certain conditions, still provide a useful approximation.
The third sum runs over all directed three-site strings k , defined such that and k as well as k and are nearest neighbors, while = .
The first sum produces a correction that reduces the on-site interactions of the leading termĤ (1) F int =Ĥ int . The second sum introduces both nearest-neighbor densitydensity interactions like in the extended Hubbard model and a pair-tunneling term. And the third sum, finally describes density-assisted tunneling between next-nearest neighbors, as well as the joint tunneling of two-particles into or away from a given site.
On the validity of the high-frequency approximation for many-body systems
The high-frequency expansion of the effective HamiltonianĤ F and the micromotion operatorÛ F (t) can generally not be expected to converge for a system of many interacting particles. Namely, the time averageĤ 0 of the full many-body Hamiltonian H(t), which determines the spectrum of the diagonal blocks of the quasienergy operatorQ depicted in Fig. 1 , will possess collective excitations also at very large energies. Therefore the energy gaps of ω, which separate the subspaces of different "photon" numbers m in the unperturbed problemQ 0 , will close when the perturbation is switched on (unless ω was a macroscopic energy).
Nevertheless, the fact the unperturbed problemQ 0 is given by the "photonic" part of the quasienergy operator, with exactly degenerate eigenvalues m ω in each subspace of photon number m, allows one to formally write down the perturbation expansion (the energy denominators will not diverge). This is illustrated in Fig. 6 . And, even though the perturbation expansion cannot be expected to converge, these terms can still provide an approximate description of the driven many-body system on a finite time scale. This can be the case if the νth-order approximate effective
F is governed by energy scales that are small compared to ω. Then the creation of a collective excitation of energy ω corresponds to a significant change in the structure of the many-body wave function and is a process associated with a very small matrix element only. As a consequence, on time scales that are small compared to the inverse of such residual matrix elements, the approximate effective Hamiltonian can be employed to compute the dynamics and approximate Floquet states of the system. This is the basis for Floquet engineering.
An example for such many-body Floquet engineering in a system with strong interactions is again given by ultracold bosonic atoms in a sinusoidally shaken optical lattice. In leading order of the high-frequency approximation the periodic forcing leads to a modification of the tunneling matrix element, as described by Eq. (143) in the previous section. The possibility to tune the tunneling matrix element relative to the repulsive on-site interactions among the bosons can be used to control a transition between a superfluid and a Mott-insulating state [19] . This effect has been observed experimentally in Pisa [20] . It is based on the assumption that the resonant excitation of highly excited states is negligible on the time scale of the experiment. The residual matrix elements describing such detrimental processes can be computed perturbatively within a different type of high-frequency approach, where the starting point is a group of nearly degenerate eigenstates of different diagonal blocksĤ 0 + m ω of the quasienergy operator [52] .
When the Floquet engineering is based on the leading-order effective Hamiltonian
F , as for the control of the bosonic Mott-transition mentioned in the previous paragraph, detrimental processes can be suppressed by increasing the driving frequency (provided even higher-lying states like excited Bloch bands of an optical lattice are still not relevant). However, Floquet engineering becomes more difficult and requires more care in the choice of suitable parameters, when crucial properties of the engineered driven system, like the topological band gap of Floquet topological insulators mentioned in the previous section, are comprised in the subleading secondorder termĤ (2) F , which becomes smaller with increasing driving frequency. In the long-time limit, when the approximation eventually breaks down, the expected generic behavior of a driven many-body system in the thermodynamic limit is that it approaches an infinite-temperature-like state [65, 66] . Notable exceptions [67] [68] [69] [70] are conjectured to include integrable systems and systems featuring manybody localization, where the size of the many-body state space is effectively reduced via the segmentation into different subspaces.
Summary
We have used degenerate perturbation theory to derive a high-frequency expansion of the effective Hamltonian and the micromotion operator of periodically driven quantum systems. This approach provides an intuitive picture of the nature of the highfrequency approximation and its limitations. We have, moreover, related our approach to the Floquet Magnus expansion and identified the origin of inconsistencies that plague the latter. The results were illustrated using the example of a periodically driven Hubbard model. ofÂ(t). The fact that the matrix elements (B.1) depend on the difference m − m show that time-periodic and time-local operatorsÂ(t) correspond to operatorsĀ that are translation invariant with respect to the "photon" number m. Vice versa, for every operatorĀ being translational invariant with respect to m, we can construct a corresponding time periodic operator Degenerate perturbation theory is an approximation scheme that allows for the systematic block diagonalization of a hermitian operator into two subspaces spearated by a spectral gap. Here we apply the canonical van-Vleck degenerate perturbation theory [51] to the quasienergy operatorQ in the extended Floquet Hilbert space F and generalize it into an approximation scheme for the systematic block diagonalization ofQ into multiple (more than two) subspaces separated by spectral gaps. The gerneralized formalism is found to contain additional terms that do not appear in the standard scheme for bipartioning. Consider a Floquet system with quasienergy operator
split into an uperturbed partQ 0 and a perturbation λV . The dimensionless parameter λ shall eventually be set to one, and has been introduced to keep track of the order in which the perturbation appears. The eigenstates of the unperturbed quasienergy operator |αm , the unperturbed Floquet modes, and their eigenvalues ε m will be transformed adiabatically to the perturbed subspaces F m , corresponding to a diagonal block of the perturbed problem. These subspaces F m will be spanned by new basis states |αm B that deviate from the unperturbed states {|αm } by small perturbative admixtures of states from other unperturbed subspaces. The states |αm B are decoupled from states that are not in F m , but generally they are no eigenstates of the perturbed quasienergy operatorQ. The task to be accomplished by degenerate perturbation theory is to find systematic expansions for both the perturbed basis states |αm B , i.e. for the unitary operator U that releates them to the unperturbed basis states via |αm B =Ū |αm , and the matrix elements B α m|Q|αm B describing the physics within the subspace F m .
The projectorsP m into the unperturbed subspaces F If, like in the standard form of degenerate perturbation theory, the state space is bipartitioned only, one also findsĀ XBX = (Ā XBX ) D , but this relation does not hold if the state space is partioned into more than two subspaces. Instead, for multipartioning one generally hasĀ
The fact that the second term on the right hand side is finite will give rise to additional terms in the perturbation expansion that do not appear in the standard formalism. We wish to block diagonalize the full unperturbed quasienergy operatorQ by means of a unitary operatorÛ , such that Both approximations coincide up to order n in the perturbation. However, the first approximation has the advantage that it preserves the unitarity,Ū
[n] is a unitary matrix, while the second approximation does not preserve unitarity. However, sometimes unitarity is not relevant and it is convenient to employ the second approximation to compute corrections to the perturbed basis states |αm B =Ū |αm ,
Therefore, let us evaluate also the matrix elements of the leading termsŪ 
